oo 

o 

O 
(N 



Existence of traveling waves for a nonlocal 
monostable equation: an abstract approach 
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Abstract We consider the nonlocal analogue of the Fisher-KPP equation 



CO ! u t = fi*u-u + f(u), 

(N 

where /i is a Borel-measure on M. with //(M) = 1 and / satisfies /(0) = /(l) = 

and / > in (0, 1). We do not assume that \i is absolutely continuous. The 

equation may have a standing wave solution (a traveling wave solution with 

speed 0) whose profile is a monotone but discontinuous function. We show 

that there is a constant c* such that it has a traveling wave solution with 

monotone profile and speed c when c> c* while no periodic traveling wave 

solution with average speed c when c < c*. In order to prove it, we modify 

a recursive method for abstract monotone discrete dynamical systems by 

pg ■ Weinberger. We note that the monotone semiflow generated by the equation 

does not have compactness with respect to the compact-open topology. 
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1 Introduction 

In 1930, Fisher [9] introduced the react ion- diffusion equation u t = u xx + 
w(l — u) as a model for the spatial spread of an advantageous form of a single 
gene in a population. He [10] found that there is a constant c* such that 
the equation has a traveling wave solution with speed c when c > c* while 
it has no such solution when c < c*. Kolmogorov, Petrovsky and Piskunov 
[17] obtained the same conclusion for a monostable equation u t = u xx + f(u) 
with a more general nonlinearity /, and investigated long-time behavior in 



the model. Since the pioneering works, there have been extensive studies on 
traveling waves and long-time behavior for monostable evolution systems. 

In this paper, we consider the following nonlocal analogue of the Fisher- 
KPP equation: 

U t = fi*U~U + f(u). 

Here, \x is a Borel-measure on K. with /i(ffi) = 1 and the convolution is defined 

by 

(fi*u)(x)= / u(x — y)dn(y) 



for a bounded and Borel-measurable function u on KL The nonlinearity / is 
a Lipschitz continuous function with /(0) = /(l) = and / > in (0,1). 
Then, we would show that there is a constant c* such that the nonlocal 
monostable equation has a traveling wave solution with monotone profile 
and speed c when c > c* while it has no periodic traveling wave solution 
with average speed c when c < c*, if there is a positive constant A satisfying 



^dfi(y) < 



-oo. 



Here, we say that the solution u(t, x) is a periodic traveling wave solution with 
average speed c, if u(t + r, •) = u(t, ■ + cr) holds for some positive constant r 
with < u(t, ■) < 1, u(t, +oo) = 1 and u(t, •) ^ 1 for all tGl. In order to 
prove this result, we employ the recursive method for monotone dynamical 
systems introduced by Weinberger [26] and Li, Weinberger and Lewis [18]. 
We note that the semiflow generated by the nonlocal monostable equation 
does not have compactness with respect to the compact-open topology. Fur- 
ther, we would also show that there is a smooth and monostable nonlinearity 
/ such that the equation has a standing wave solution (i.e., a traveling wave 
solution with speed 0) whose profile is a monotone but discontinuous func- 
tion, if ji satisfies the extra condition f eR yd/i(y) > 0. In these results, we 
do not assume that // is absolutely continuous with respect to the Lebesgue 
measure. For example, not only the integro-differential equation 

du f 1 

—(t,x)= / u(t,x-y)dy-u(t,x) + f(u(t,x)) 

but also the discrete equation 

du 

— (t, x) = u(t, x — 1) — u(t, x) + f(u(t, x)) 

satisfies all the assumptions for the measure \x. 



For the nonlocal monostable equation, Atkinson and Reuter [1] first stud- 
ied existence of traveling wave solutions. Schumacher [22, 23] proved that 
there is the minimal speed c* and the equation has a traveling wave solution 
with speed c when c > c*, if the nonlinearity / satisfies the extra condition 

/(«) < /'(ok 

Recently, Coville, Davila and Martinez [6] showed that if the monostable 
nonlinearity / G C 1 (M) satisfies /'(I) < and the Borel- measure \x has a 
density function J G C(R) with 



/ (M + e- A ")J(j/)ds/<+oo 

</yGR 



for some positive constant A, then there is a constant c* such that the nonlocal 
monostable equation has a traveling wave solution with monotone profile and 
speed c when c> c* while it has no such solution when c < c*. The approach 
employed in [6] is not of dynamical systems, but they directly solved the 
stationary problem 

J * u — u — cu x + f(u) = 0, u(— oo) = 0, u(+oo) = 1. 

The proof in this paper is self-contained, and we would believe that it might 
be rather simple than in [6]. When hi. Introduction and main resultsh in [6] 
was read, it might be misunderstood that Schumacher [22] and Weinberger 
[26] assumed the isotropy of dynamical systems. The nonlocal equation is 
isotropic if and only if \x is symmetric with respect to the origin. Here, to 
make sure, we note that the isotropy is not assumed in the results by [22] 
and [26]. Further, the result by [26] is not limited at a linear determinate. 
If f{ u ) < /'(0)w holds, then it is a linear determinate. Schumacher [22, 
23], Carr and Chmaj [3] and Coville, Davila and Martinez [6] also studied 
uniqueness of traveling wave solutions. In [6], we could see an interesting 
example of nonuniqueness, where the nonlocal monostable equation admits 
infinitely many monotone profiles for standing wave solutions but it admits 
no continuous one. See, e.g., [5, 7, 8, 11, 12, 13, 14, 15, 16, 19, 20, 24, 
25, 27, 28] on traveling waves and long-time behavior in various monostable 
evolution systems, [2, 4] nonlocal bistable equations and [21] Euler equation. 
In Section 2, we give abstract conditions such that a semiflow satisfying 
the conditions has a traveling wave solution with speed c when c> c* while 



it has no periodic traveling wave solution with average speed c when c < c*. 
In Section 3, we prove abstract theorems mentioned in Section 2. In Section 
4, we precisely state our main results for the nonlocal monostable equation, 
which are Theorems 14 and 15. In Section 5, we show that the semiflow 
generated by the nonlocal monostable equation satisfies the conditions given 
in Section 2 to prove the main results. The proof given in this paper is 
self-contained. 

2 Abstract theorems for monotone semiflows 

In the abstract, we would treat a monostable evolution system. Put a set 
of functions on R; 

M. := {u | u is a monotone nondecreasing 

and left continuous function on R with < u < 1}. 
The followings are our basic conditions for discrete dynamical systems: 

Hypotheses 1 Let Qo be a map from A4 into M. . 

(i) Qo is continuous in the following sense: If a sequence {uk}kem C M. 
converges to u G M. uniformly on every bounded interval, then the sequence 
{Qo[uk\}k&i converges to QoN almost everywhere. 

(ii) Qo is order preserving; i.e., 

u 1 <u 2 ^ Qo[ui] < Qo[u 2 ] 
for all U\ and u 2 G M.. Here, u < v means that u(x) < v(x) holds for all 

x el. 

(iii) Qo is translation invariant; i.e., 

T xo Qo — QoT-xo 

for all xq G R. Here, T xo is the translation operator defined by (T xo [«])(•) : = 
u(- -x ). 

(iv) Qo is monostable; i.e., 

< a < 1 =^- a < Qo[a] 

for all constant functions a. 



Remark 1°. If Q satisfies Hypothesis 1 (iii), then Q maps constant 
functions to constant functions. 2°. The semiflow generated by a map Qq 
satisfying Hypotheses 1 may not be compact with respect to the compact- 
open topology. 

The following states that existence of suitable snper-solutions of the form 
{v n (x + cn)}^ =0 implies existence of traveling wave solutions with speed c in 
the discrete dynamical systems on At: 

Proposition 2 Let a map Q : At — ► At satisfy Hypotheses 1, and c 6l. 
Suppose there exists a sequence {f n }^ c M. with (Qo[v n ])(x — c) < v n +i(x), 
inf n =o,i,2,-V n (x) ^ and liminf n ^ 00 f n (x) ^ 1. Then, there exists ip G At 
with (Q [ip})(x — c) = ip(x), t]){— oo) = and i]){+o6) = 1. 

In the discrete dynamical system on At generated by a map Qq satisfying 
Hypotheses 1, if there is a periodic traveling wave super-solution with average 
speed c, then there is a traveling wave solution with speed c: 

Theorem 3 Let a map Qq '. At — ► At satisfy Hypotheses 1, and c G M. 
Suppose there exist r G N andcj) G At with (Qq t [<J)})(x— ct) < <f>(x), 0^0 and 
0^1. Then, there exists ip G At with {Qo[ip]){x — c) = i>{x), ^( — °°) = 
and ■0(+ 00 ) — 1- 

The infimum c* of the speeds of traveling wave solutions is not — oo, and 
there is a traveling wave solution with speed c when c> c*: 

Theorem 4 Suppose a map Qq : At — ► .M satisfies Hypotheses 1. Then, 
there exists c* G (— oo, +oo] snc/i £/ia£ £/ie following holds : 

Let c G E. Then, there exists ip £ At with (Qo[ij)])(x — ct) = i]){x), 
^(— oo) = and ■0(+oo) = 1 if and only if c> c*. 

We add the following conditions to Hypotheses 1 for continuous dynamical 
systems on AA: 

Hypotheses 5 Let Q l be a map from At to At for t G [0, +oo). 

(i) Q is a semigroup; i.e., Q l o Q s = Q t+S for all t and s G [0, +oo). 

(ii) Q is continuous in the following sense: Suppose a sequence {tk}k&i C 
[0, +oo) converges to 0, and u G At. Then, the sequence {Q tk [u]}keN con- 
verges to u almost everywhere. 



As we would have Theorems 3 and 4 for the discrete dynamical systems, 
we would have the following two for the continuous dynamical systems: 

Theorem 6 Let Q l be a map from M. to M. for t G [0, +oo). Suppose Q l 
satisfies Hypotheses 1 for all t G (0, +oo) ; and Q Hypotheses 5. Then, the 
following holds : 

Let eel. Suppose there exist r G (0, +oo) and <p G M. with (Q T [<f)})(x — 
ct) < 4>(x), 0^0 and 0^1. Then, there exists ip G M. with ip(—oo) = 
and i/j(+oo) = 1 such that (Q t [ifj])(x — ct) = ip(x) holds for all t G [0, +oo). 

Theorem 7 Let Q l be a map from M. to M. for t G [0, +oo). Suppose Q l 
satisfies Hypotheses 1 for all t G (0, +oo) ; and Q Hypotheses 5. Then, there 
exists c* G (— oo, +oo] such that the following holds : 

Let c 6l Then, there exists ip G M. with ip(— oo) = and ■0(+oo) = 1 
such that (Q t [ip])(x — ct) = ip(x) holds for all t G [0, +oo) if and only if 
c > c*. 



3 Proof of the abstract theorems 

In this section, we would modify the recursive method introduced by 
Weinberger [26] and Li, Weinberger and Lewis [18] to prove the theorems 
stated in Section 2. 

Lemma 8 Let a sequence {uk}km of monotone nondecreasing functions 
on M converge to a continuous function u on R almost everywhere. Then, 
{■UfcjfceN converges to u uniformly on every bounded interval. 

Proof. Let C G (0, +oo) and e G (0, +oo). Then, there exists 5 G (0, +oo) 
such that, for any y\ and y 2 G [— C — 1,+C + 1], |j/2 — Vi\ < S implies 
\ u (lj2) — u (yi)\ < s/4. So, we take iV G N and a sequence {x n }^ =1 such 
that \im.k->oo Uk(x n ) = u(x n ), —C — 1 < x\ < —C, x n < x n+ i < x n + 5 and 
+C < x N < +C + 1 hold. 

Let k G N be sufficiently large. Then, max{|w fc (x„) — -u(x n )|}^ =1 < e/4 
holds. Let x G [— C, +C]. There exists n such that x n < x < x n +i holds. 
So, we get \u k (x) - u(x)\ < \u k (x n ) - u(x)\ + \u k {x n+1 ) - u(x)\ < \u k (x n ) - 
u(x x )\ + \u(x n ) - u(x)\ + \u k (x n+ i) - u(x n+ i)\ + \u(x n+ i) - u{x)\ <e. ■ 

The set of discontinuous points of a monotone function on R is at most 
countable. So, if a sequence {wfcjfceN of monotone functions on R converges to 
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a monotone function u on R at every continuous point of u, then it converges 
to u almost everywhere. The converse also holds: 

Lemma 9 Let a sequence {uk}}, e ^ of monotone nondecreasing functions on 
R converge to a monotone nondecreasing function «onM almost everywhere. 
Then, lim / t^ 00 -Ufc(x) = u(x) holds for all continuous points x € R of u. 



oc 



Proof. We take x n G (x — 2~ n ,x] and x n G [x, x + 2~ n ) satisfying lim^ 
u k{x n ) = u(x n ) and lim^oo-u^Xn) = u(x n ) for n G N. Then, u(x n ) < 
liminf fc ^ 00 -u fc (a;) < limsup fc _^ 00 -u fc (x) < u(x n ) holds. Hence, we have lim^oo 
Uk{x) = u(x) as a; is a continuous point of u. ■ 

Hypotheses 1 imply more strong continuity than Hypothesis 1 (i): 

Proposition 10 Let a map Qq : M. — ► M. satisfy Hypotheses 1 (i), (ii) 
and (iii). Suppose a sequence {u^ken C M. converges to u G M. almost 
everywhere. Then, limk->oo{Qo[uk\){x) = (Qo[u])(x) holds for all continuous 
points igMo/Qo [u] . 

Proof. We take a cutoff function p G C°°(R) with 

| x | > 1/2 ==» p(x) = 0, 
\x\ < 1/2 => p(x) > 



and 



We put smooth functions 



u. 

and 



p{x)dx = 1. 



p„(-) := 2>(2"-), 
(•):=(p„*«)(--2-(^ 1 )) 

(•):=(p„*«)(- + 2-(" +1 )) 



for nGN. Then, we obtain 

«(• - 2~ n ) < u n (•) < u(-) < U n (-) < «(• + 2~ n ). 

The sequence {mm{uk,u n }}ke~N converges to u n almost everywhere, and 
{max{w fc , u n }}k£N also u a . Hence, by Lemma 8, the sequence {min{wfc, w™}}fc e N 
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converges to u n uniformly on every bounded interval, and {max{uk,vT'}}ken 
also u n . Then, by Hypothesis 1 (i), the sequence {Qo[m.m{uk,u n }]}kem con- 
verges to Qo[^ n ] almost everywhere, and {Q [m.ax{uk,u n }]} ken also <5o[w™]- 
From Hypothesis 1 (ii), Q [mm{uk, u n }} < Qo[iik} < <5o[ m ax{-Ufc,w™}] holds. 
Therefore, Q [u n } < liminf fc ^oo Qo[v>k] < limsup k _ too Qo[u k ] < <3o[«™] holds 
almost everywhere. So, by Hypotheses 1 (ii) and (iii), QoN(' — 2~ n ) < 
liminffc^ooQoHK-) < limsup^^ Q [u k ](-) < Q [«](• + 2" n ) holds almost 
everywhere. Hence, lim^oo Qo[uk](-) = Qo[u](-) holds almost everywhere, 
because lim n _ +00 (5oM(- - 2~ n ) = lim n ^oo(5oM(- + 2 _n ) = Qo[u}(-) holds al- 
most everywhere. So, from Lemma 9, \im.k^oo(Qo[uk])(x) = (Qo[u])(x) holds 
for all continuous points x G K of Q N • ' 

Combining Proposition 10 with Helly's theorem, we can make the argu- 
ment in Weinberger [26] and Li, Weinberger and Lewis [18] work to prove 
Proposition 2. 

Proof of Proposition 2. 

We put w(-) :— lim^+oinf n= o,i,2,---fn( - — h), and Uq := 2~ k w G M. for 
fceE We also take functions m^ G M. such that 

u k n (.) = ma,x{Q [u k n _ 1 ](--c),2- k w(-)} (3.1) 

holds for k and nGN. 

We show u k n < u k +1 . We have Uq < u\. As w^_! < u k n holds, we get 



Qo[Un-i] < Qo[Un] and u k n < u k l+1 . So, we have 



< < «t+i- ( 3 -2) 

In virtue of (3.2), we put u k := lim n _ >00 'uk G M.. Then, by (3.1) and Propo- 
sition 10, 

u k (-)=m a x{Q [u%-c),2- k w(-)} (3.3) 

holds. Because linim^oo Qo[u k (- +m)] = Qo[u k (+oo)] holds from Proposition 
10, we have 

u k (+oo) = lim max{Q [u k ](m - c),2~ k w(m)} 
= lim max{Q [u k (- + m)](— c),2~ k w(m)} 

m—*oc 

= max{Q [u k (+oo)},2~ k w(+oo)}. 



Hence, u k (+oo) > Q [u k (+oo)] and u k (+oo) > 2 k w(+oo) > hold. So, 
from Hypothesis 1 (iv), we obtain 

u k (+oo) = 1. (3.4) 

We show u k n < v n . We get Uq < w < v . As u k _ l < i>„_i holds, we have 

Qo[«*-i](- - c) < <5oK-i](- - c) < v n (-) 

and wjj < t>„ because of 2~ fe u> < u; < i> n . So, we have 

< < v n - (3.5) 

From (3.5), 

w (— oo) < lim liminf v n (— m) < 1 (3-6) 

m^oo n— +oo 

holds. Also, linim^oo Qo[w fe (- — m)] = <5o[w fe (— oo)] holds from Proposition 
10. Hence, by (3.3), we have 

u k (-oo) = lim max{Q [u k }(-m - c),2~ k w(-m)} > Q [u h (-oo)}. 

So, from Hypothesis 1 (iv) and (3.6), we obtain 

u k (-oo) = 0. (3.7) 

In virtue of (3.4) and (3.7), there exists x k such that u k (—x k ) < 1/2 < 
lim h i +0 u k (—x k + h) for k G N. We put ip k {-) : = u k (- — x k ) G M. Then, we 
have 

^ fc (0) < 1/2 < lim ^ k (h) (3.8) 

h|+0 

and 

^(•) = max{Q [^](- - c), 2~ k w(- - x k )} (3.9) 

from (3.3). By Helly's theorem, there exist a subsequence {k(n)} ne ?q and 
ip E A4 such that linin^oo ?/> fc(n ) (#) = -^(x) holds for all continuous points 
rr G R of ■0. So, from (3.8), (3.9) and Proposition 10, 

ip(0) < 1/2 < lim ib(h) (3.10) 

hi+0 

and 

^(0 = Qo[^](--c) (3.11) 



holds. Because ip(— oo) = Qo[ip(— oo)] and ^(+00) = Q [tp(+ 00)] also hold 
by (3.11) and Proposition 10, from Hypothesis 1 (iv) and (3.10), we have 
if)(— 00) = and ^(+00) = 1. ■ 

Proof of Theorem 3. 

We take functions v n E M. for n — 0, 1, 2, • • • such that 

Vn+mr = (Qo" [<£])(• ~ CTl) 

holds for all n = 0, 1, 2, • • • , r — 1 and m — 0, 1, 2, • • • . Then, we see 

Un+l(0>Qo[Vn](--c) (3.12) 

and 

liminf v n = inf i> n = min v n . (3.13) 

n-»oo n=0,l,2,- ' n=0,l,2,-,T-l 

We show t> n (+oo) > 0. We have t> (+oo) > 0. As t>„_i(+oo) > holds, we 
get i> n (+oo) > Qo[v n ^i(+oo)] > by (3.12), Proposition 10, Hypotheses 1 (ii) 
and (iv). So, we have i>„(+oo) > 0. Hence, because linim^oo min n= o,i,2,- ,r-i v n 
(m) > holds, from (3.13), we see inf n= o,i,2,- v n ^ 0. Because min n=0i i,2,.-,T-i 
v n < (p holds, by (3.13) and 0(— oo) < 1, we have \mim.{ n ^ 00 v n ^ 1. 
Therefore, by Proposition 2, there exists ip E M. with <5o|j0]( - ~ c ) = V'(')) 
i]){— oo) = and ^(+00) = 1. ■ 

Lemma 11 Let a sequence {uk}km of monotone nondecreasing functions 
on K. converge to a monotone nondecreasing function «onl almost every- 
where. Then, lim^oo Uk(x — Xk) = u{x) holds for all sequences {xk}keN C M. 
with limfc^ooXfc = and continuous points x 6l of u. 

Proof. We put y n := sup fc=n n+1 n+2 ... \ x k\ for n E N. Then, Wfc(- — 
2/n) < Wfe(- — Xk) < Wfc(- + y n ) holds when k > n. Hence, «(• — y n ) < 
liminffc_ >0 o'"fc(- — Xk) < Ihnsup^^w^- — x^) < u(- + y n ) holds almost ev- 
erywhere. So, lim fe _ >00 -u fc (- — Xk) = u(-) holds almost everywhere, because 
lim n ^ 00 -u(- — y n ) = lim n _ >00 -u(- + y n ) = «(•) holds almost everywhere. Hence, 
from Lemma 9, limfc_ +00 -Ufc(a; — Xk) = u(x) holds for all continuous points 
iGlofa. ■ 

Proof of Theorem 4. 

[Step 1] Let c* E [—00, +00] be the infimum of c E IR such that there 
exists ip E A4 with Qoft^K' — c ) — VK')) ^(—00) = and ^(+00) = 1. 
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Then, we have the following: Let c G R. Then, there exists ip G M. with 
Qo[ip](- — c) = ip(-), ip(-oo) = and ip(+oo) = 1 only if c > c*. 

[Step 2] In this step, we show the following: Let c G (c*,+oo). Then, 
there exists ip G M. with Qo^K" — c ) = VK'); VK - °°) = and ^(+00) = 1. 

There exist Cq G (—00, c) and (p G M. with Qo[0](' — c o) = </>(•)> 0(~ 00) = 
and 0(+oo) = 1. Then, because we have <5o[0](' ~~ c ) < 0(')> by Theorem 3, 
there exists ip G M. with QofV'K" — c ) = V'(')) ^~ °°) = anc l V ; (+ 00 ) — 1- 

[Step 3] In this step, we show the following: Let c* G R. Then, there 
exists if) G M. with Qo[4>](- — c *) — V ; (')> V^ - °°) — an d V ; (+ 00 ) — 1- 



In virtue of Step 2, there exists ^ G .M with <5o|/0fc](' — (c*+2 )) = i/j i 



IA 



ipk{~ 00) = and ^>fc(+oo) = 1 for k G N. We also take a^ such that 
if>k(-Xk) < I/ 2 < hm^+o 4>k(-Xk + h), and put ^ fc (-) := V'fcO ~ ^Jfc) e - A/ ^- 
Then, we have 



VHO) < 1/2 < lim ib*(h) (3.14) 

/ii+0 



and 



Q [^(--2^)](--c,)=^(-). (3.15) 

By Helly's theorem, there exist a subsequence {k{n)} ne m and ^ G .M such 
that lim n _ >00 ^ fc ^(a;) = VK 2 -) holds for all continuous points rr G R of ■0. 
Also, by Lemma 11, \ira. n ^ OQ il) k ^ n \x — 2~ k ^) = ip(x) holds for all continuous 
points x G R of i\). Therefore, from (3.14), (3.15) and Proposition 10, 

ib(0) < 1/2 < lim ib(h) (3.16) 

hi+0 

and 

QoM--c*)=iP(-) (3.17) 

holds. Because Q [ip(~oo)] = ip(—oo) and Q [ip(+oo)] = ip(+oo) also hold 
by (3.17) and Proposition 10, from Hypothesis 1 (iv) and (3.16), we have 
ip(— 00) = and ^(+00) = 1. 

[Step 4] Finally, we show c* G (—00, +00]. 

Suppose c* = —00. Then, in virtue of Step 2, there exists (pk G M. 
with Qo[<f> k ](- + 2 fc ) = M-), ifc(-oo) = and </> fe (+oo) = 1 for k G N. 
We also take x^ such that (fik(—%k) < 1/2 < nm M+o 0fc(~ ^fc + fr), and put 
fc (-) := 0fc(' — %k) ^ A4. Then, we have 

fe (O) < 1/2 < lim <j) k (h) (3.18) 
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Q o [0 fc (- + 2 fc )](-) = fc (-). (3.19) 

Put x ^ M such that x( x ) = (x < 0) and x( x ) = V 2 (0 < x). Then, 
X < (fi k holds from (3.18). Hence, by (3.18) and (3.19), we see Qo[x(- + 
2 fc )](0) < 1/2. So, from lim A; _ 00 x(- + 2 fe ) = 1/2 and Proposition 10, we 
obtain Qo[l/2] < 1/2. This is a contradiction with Hypothesis 1 (iv). ■ 

Lemma 12 Let Q l be a map from M. to M. for t G [0, +oo). Suppose Q 
satisfies Hypothesis 5 (ii). Then, lim. t _^Q(Q t [u])(x — ct) = u(x) holds for all 
c 6l, u G M. and continuous points x 6l of u. 

Proof. Let a sequence {£fc}fc e N C [0, +oo) converge to 0. Then, by Hy- 
pothesis 5 (ii) and Lemma 11, linifc^oo Q tk [u] (x — ctk) = u(x) holds for all 
continuous points x G K. of u. ■ 

Proof of Theorem 6. 

T 

By Theorem 3, there exists ipk G M with Q^[ipk\(- — fr) = 4>k(-), 
i])k{— °°) — and ipk(+oo) — 1 for k G N. We also take £& such that 
^k(-Xk) < 1/2 < lim ?ii+ oV ; fc(-a:fc + h), and put ^ fc (") := ^k(- ~ x k ) G M. 
Then, we have 

*b k (0) < 1/2 < lim *b k (h) (3.20) 

hl+O 

and 

Q^i^}(-- ¥ )=^(-)- (3-21) 

By Helly's theorem, there exist a subsequence {/c(n)} nG N and ip E M. such 
that lim, woo -?/> fc ( ra )(:r) = ip( x ) holds for all continuous points x G K of ip. 
Let /co G N and itlq G N. As n G N is sufficiently large, 

= (Q3IW)»».2*<">--[^*(»)](. _ _£L_ mo2 *(«)-'o) = ,J*M(.) 

holds because of fc(n) > A:o and (3.21). Therefore, by Proposition 10, we 
obtain 

Q^M--*^) =*(•)■ ( 3 - 22 ) 



From (3.20), we also see 



V>(0) < 1/2 < lim ij)(h). (3.23) 
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Let t G [0, +00). Then, by (3.22), there exists a sequence {tfcjfcgN C 
[0,+oo) with lim^ootfc = such that Q t+tk [ip}(- - c(t + t k )) = ^(-) holds 
for all ken. So, by QMWK' ~ ct )](' ~ ct k) = Q t+tk [ip](- - c(t + t k )) and 
Lemma 12, we obtain 

Q*M(--ct)=V(0- 

Hence, because Q t [ip(— 00)] = ip(— 00) and <5*[0(+oo)] — V ; (+°°) hold by 
Proposition 10, from (3.23), we see ^(—00) = and ^(+00) = 1. ■ 

Proof of Theorem 7. 

In virtue of Theorem 4, we take c* G (—00, +00] such that the following 
holds: Let c G IBL Then, there exists <f) G M. with (Q 1 [0])(- — c) = (/>(•), 
<f>(— 00) = anrf 0(+oo) — 1 if and only if c> c*. 

Then, from Theorem 6, we have the conclusion of this theorem. ■ 

4 The main results for the nonlocal monos- 
table equation 

Let a Lipschitz continuous function / on 1 be a monostable nonlinearity; 
/(0) = /(l) = and f(u) > in (0, 1). Let a Borel-measure /ionl satisfy 
/i(K) = 1. (We do not assume that // is absolutely continuous with respect to 
the Lebesgue measure.) Then, we consider the following nonlocal monostable 
equation: 

u t = fi*u-u + f(u), (4.1) 

where (// * u)(x) :— f eR u(x — y)d/j,(y) for a bounded and Borel-measurable 
function u on R. Then, G(-u) := /i * w — -u + /(w) is a map from the Banach 
space L°°(IR) into L°°(M.) and it is Lipschitz continuous. (We note that 
u(x — y) is a Borel-measurable function on M 2 , and ||u||x,o°(r) — implies 
W/J' * w||li(]r) < J eR (J x( z R \ u ( x ~ y)\dx)dfi(y)=0.) So, because the standard 
theory of ordinary differential equations works, we have well-posedness of 
(4.1) and the equation generates a flow in L°°(R). The following gives two 
positively invariant sets: 

Proposition 13 If Uq G L°°(R) satisfies < uq < 1, then there exists a 
solution {'u(t)}t e [o i +oo) C L°°(R) to (4-1) with u(0) = u and < u(t) < 1. 

For any Uq G M., then there exists a solution {«(£)}te[o,+oo) d M. to (4-1) 
with u(0) = u . 
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Here, we recall that Ai has been defined at the beginning of Section 2. 

If the semiflow generated by (4.1) has a periodic traveling wave solution 
with average speed c (even if the profile is not a monotone function), then it 
has a traveling wave solution with monotone profile and speed c: 

Theorem 14 Let a Borel-measure \x have A G (0, +oo) satisfying 

e xlyl d/j(y) < +oo, (4.2) 

and c G R. Suppose there exist t G (0, +oo) and a solution {u(t,x)}teR C 
L°°(R) to (4-1) with < u(t,x) < 1, \im x ^ +00 u(t,x) = 1 and \\u(t,x) — 
1||l°°(r) 7^ such that 

u{t + T,x) = u(t, x + ct) 

holds for all t and x G R. Then, there exists ip G M. with ip(— oo) = and 
■0(+oo) = 1 siic/i i/iat {-^(x + ct)}t e R is a solution to (4-1)- 

Remark The condition (4.2) with some positive constant A ensures that 
the semiflow on Ai generated by (4.1) satisfies Hypothesis 1 (i). See Proof 
of Proposition 19 in Section 5. 

The infimum c* of the speeds of traveling wave solutions is not ±oo, and 
there is a traveling wave solution with speed c when c> c*: 

Theorem 15 Let a Borel-measure /i have A G (0, +oo) satisfying (4-2). 
Then, there exists c,GR such that the following holds : 

Let c G R. Then, there exists ip G At with ij)(—oo) = and ip(+oo) = 1 
such that {ip(x + ct)}teR ^s a solution to (4-1) if an d only if c> c*. 

Remark The condition 

e~ Xy dfi(y) < +oo 



with some positive constant A ensures c* ^ +oo. See Proof of Theorem 15 
in Section 5. 

Coville and Dupaigne [7] showed that the minimal speed c* is positive, 
if the Borel-measure \x has a density function J G C 1 (R) with the extra 
condition 

J(-y) = J(y). 
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It implies J GR yd/j,(y) = 0. On the other hand, if the Borel-measure \i satisfies 
J R yd/j,(y) > 0, then the minimal speed c* is negative and, so, the semiflow 
has a standing wave solution (a traveling wave solution with speed 0) for a 
sufficiently small nonlinearity /: 

Proposition 16 Let a Borel-measure \x have A G (0, +oo) satisfying (4-2), 
and J R ydfi(y) > 0. Then, there exists 7 G (0, +00) such that the minimal 
speed c* is negative when f(u) < ^u (0 < u < 1). 

The solutions to (4.1) are continuous in L°°(1R). Hence, if the profile of a 
traveling wave solution with speed c 7^ is monotone, then it is a continuous 
function on KL However, for some nonlinearity /, if the profile of a standing 
wave solution (a traveling wave solution with speed 0) is a monotone function, 
then it is a discontinuous one: 

Proposition 17 Let a nonlinearity f G C 1 (M) satisfy f'{ot) > 1 for some 
constant a G [0,1], and ip G A4 ip(-oo) = and ^(+00) = 1. Suppose 
u(t,x) := ifj(x) is a solution to (4-1). Then, ip is a discontinuous function. 

5 Semiflows generated by nonlocal monostable 
equations 

In this section, we show the results for the nonlocal monostable equation 
(4.1) stated in Section 4. 

First, we have the comparison theorem on the phase space L c 



Proposition 18 Let T G (0, +00) , and functions u 1 andu 2 G C^fO, T], L°° 
(M)). Suppose that for any t G [0, T], the inequality 

u] - (/i * u 1 - u 1 + fiu 1 )) <u 2 - (/i * m 2 -u 2 + f(u 2 )) 

holds almost everywhere in x. Then, the inequality u x (T,x) < u 2 (T,x) holds 
almost everywhere in x if the inequality ■u 1 (0,a;) < u 2 (0,x) holds almost 
everywhere in x. 

Proof. Put K G R by 

K:=l- in£ / <" + ft >- / <">, (5.1) 

h>0,u£R h 
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andv G (^([O, T], L°°(R)) by 

v (t) :=e^V-^)W- (5.2) 

Then, we have the ordinary differential equation 

dv , 

Tt= F(t,v) (5.3) 

in L°°(R) with w(0) = (u 2 - u 1 )^) as we define a map F : [0,T] x L°°(M) -+ 
L°°(M) by 

F(t, w):=fi*w + {K-l)w + e Kt (f(u\t) + e~ Kt w) - f(u\t))) + e Kt a(t), 

where 

o := (^ - {H *u 2 - u 2 + f{u 2 ))^ - (^ - {p * u 1 - u 1 + /(ti 1 ))) • 

For any £ G [0,T], we see the inequality 

a(£,x)>0 (5.4) 

almost everywhere in x. Take the solution v G C 1 ([0,T], L°°(R)) to 

£>(*)= u(0) + / m&x{F{s,d[s)),0}ds. (5.5) 

Then, for any t G [0, T], we have 

«(*, x) > u(0, x) = {u 2 - m 1 )^, x) > (5.6) 

almost everywhere in rr. By using (5.1), (5.4) and (5.6), for any t G [0, T], we 
also have the inequality F(t,v(t)) > almost everywhere in x. Hence, from 
(5.5), v(t) is the solution to the same ordinary differential equation (5.3) in 
L°°(R) as v(t) with v(0) = v(0). So, in virtue of (5.2) and (5.6), 

(u 2 - u l )(T, x) = e~ KT v(T, x) = e~ KT v{T, x) > 

holds almost everywhere in x. ■ 
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Proof of Proposition 13. 

The constants and 1 are solutions to (4.1). So, by using Proposition 18, 
for any u G L°°(R) with < Uq < 1, there exists a solution {u(t)} tg[o,+oo) 
to (4.1) with w(0) = M and < u(t) < 1. 

Let Mo £ -M-- We take the solution {u(t)} i6 [ 0)+oo ) to (4.1) with u(0) = uq. 
Let t G [0, +oo) and h G [0, +oo). Then, by Proposition 18, we see u(t,x) < 
u(t,x + h) almost everywhere in x. We take a cutoff function p G C 
with 

\x\ > 1/2 =► p(x) = 0, 

|x| < 1/2 =► p(x) > 



p(x)dx = 1. 



xGR 



u„(a;):= / 2>(2"(x - y))u{t,y)dy 



and 



As we put 



for n G N, we see v n (x) < v n (x + h) for all x G IBL Therefore, v n is a 
smooth and monotone nondecreasing function. By Helly's theorem, there 
exist a subsequence n^ and if) G .M such that lim^oo t>„ fc (x) = ip(x) al- 
most everywhere in x. Then, ||u(£, x) — if)(x)\\ L inc,+c]) < h m fc^oo(||w(t, x) — 
u n fe ( ;r )IU 1 ([-c*,+c]) + lkn fe (a;)-V'(^)||Li([-c,+c])) = holds for all C G (0,+oo). 
Hence, we obtain \\u(t, x) — V , ( 3; )||l oo (r) — 0. ■ 

Proposition 19 Let a Borel-measure \x have A G (0, +oo) satisfying (4-2), 
and T G (0,+oo). Suppose a sequence {wn}^L c C 1 ([0,T],L oo (IR)) of solu- 
tions to (4-1) with sup n6Nx6R \u n (0, x) —uo(0,x)\ < 1 satisfies 

lim sup |w n (0,x) — uo(0,x)\ = 

n ^°°x6[-/,+/] 

/or all I G (0, +oo). Then, 

lim sup ||w n (£,x) -M (t,x)|| L oo (h j i+J]) = 
n ^°°te[o,T] 

/10/ds /or a// J G (0, +oo). 



17 



Proof. Let J € (0, +00) and e G (0, +00). We take K G [0, +00) such that 

f(u + h)-f(u) 



K> f e xlyl dfi(y) - 1 + sup 

Jy£R h>0,u£- 



i y m h>o,um h 

Put positive constants S := mm{ee~( KT+XJ \ 1} and I :— j- log(l). Let n E N 
be sufficiently large. Then, we have 

sup \u n (0, x) — Uo(0, x)\ < S. (5.7) 

x€[-I,+I] 

We consider the following two functions 

v(t,x) := Uo(t,x) — e Kt w(x) 

and 

v(t, x) := Uo(t, x) + e Kt w(x), 

where w(x) :— mm{5 e x+ ^ — -, 1}. We see 

(// * w)(x) 

, Jym e- Xy My)) e Xx + (l ym e Xy d»{y) 
< min < 8— 




< ( / e xlyl dfi(y) ) w(x). 



So, v is a super-solution to (4.1), because of 

— - (n*v-v + f(v)) 

= (K + l)e Kt w - (e Kt (n * w) + (f(u + e Kt w) - f(u ))) > 

almost everywhere in x. We can also see that v is a sub-solution. Because of 
w(0) = 5, w(±I) = 1 and (5.7), we get v(0,x) < u n (0,x) < v(0, x). Hence, 
by Proposition 18, v_(t,x) < u n (t,x) < v(t,x) holds almost everywhere in x. 
So, we have \\u n (t,x) — u (t, x)\\l°°(i-j,+j]) < e KT w(±J) < e. ■ 

In virtue of Propositions 13, 18 and 19, if \x has a constant A G (0, +00) 
satisfying (4.2), then Q t it G (0,+oo)) satisfies Hypotheses 1 and Q Hy- 
potheses 5 for the semiflow Q = {(5*}te[o,+oo) on the set M. generated by 
(4.1). So, Theorems 6 and 7 can work for this semiflow. 



Proof of Theorem 14. 

Put monotone nondecreasing functions tp(x) := max{a G R | a < w(0,y) 
holds almost everywhere in y G (x, +00)} and 0(x) := lim/4+0 (fi(x — h). 
Then, G .M, 0(— 00) < 1 and </>(+oo) = 1 hold. We take a cutoff function 
p G C°°(R) with 

|x + l/2| > 1/2 ==> p(x) = 0, 

|x + l/2| < 1/2 => p(x) > 



p(x)dx = 1. 



zgU 



u n (x):= / 2>(2 n (x-s/))«(0,j/)dj/ 



and 



As we put 



for n G N, we see (f) < v n . Let iV G N. Because of hin^^oo ||f„(a;) — 
w(0, x)||x,i(r_jv,+jvi) — 0) there exists a subsequence n^ such that lim^oo v nk (x) 
= u(0,x) almost everywhere in x G [— N, +N]. Therefore, we have <f>(x) < 
m(0,x) almost everywhere in x G R. So, by Proposition 18, we obtain 
<5 T [0](a; — cr) < u(t,x — cr) = u(0,x) almost everywhere in x. Hence, 
because Q T [(p}(x — cr) < <p(x) holds, we get Q T [(f>}(x — cr) < (f>(x). Therefore, 
by Theorem 6, there exists ip & M. with ip(— 00) = and ^>(+oo) = 1 such 
that Q l [ii\(x - ct) = ip(x) holds for all t G [0, +00). ■ 

Proof of Theorem 15. 

By Theorem 7, there exists c* G (—00, +00] such that the following holds: 
Let c G R. Then, there exists ip G M. with ip(— 00) = and ip(+oo) = 1 such 
that {ip(x + ct)}tm is a solution to (4-1) if and only if c> c*. 

We show c* 7^ +00. Take K G [0, +00) such that 

K > max J / e- Xy dp(y), p(R) I - 1 + sup ^-i. 
As we put <f>(x) := min{e A:r , 1} G .M, we see 

(/i * 0) (x) < min { ( / e- Xy dp(y) j e Ax , /i(R) 



< max <j / e- Xy dp(y), /x(R) }> 0(x) 
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So, e Kt (p(x) is a super-solution to (4.1), because of 

e K \n * 0) - e Kt w + f(e Kt (f)) < Ke Kt <f). 

Hence, by Proposition 18, we obtain Q l \(j)\{x) < e K (p(x) < e x( - x+ ^\ and 
Q 1 [(p](x — y) < <f>(x). Therefore, from Theorem 6, there exists tp G M. with 
i]){— oo) = and ^(+00) = 1 such that Q t \}l)\{x — yt) = ip(x) holds for all 
t G [0, +00). So, c* < f holds. ■ 

Proof of Proposition 16. 

We have #(0) = 1 and #'(0) = - J ym ydfi(y) < for g(() := J y( _ R e~ Cy dn(y) 

(C G [— A, H-A]). Hence, there exists £ G (0, +00) with f ( _ R e~^ y dfi(y) < 1. 

Then, we take 7 G (0, 1 — J" R e~^ y d/j,(y)). 
We consider the equation 

u t — n*u — u + f(u) (5.8) 

instead of (4.1), where /(«) := 7W in (—00, 0), f(u) in [0, 1], — 2{u— 1) in (1, 2) 
and — w in [2, +00). Also, we put K := J eR e~^ y d/i(y) — 1+7 G (—1,0). Then, 

we show that the function v(t, x) := 2e K ^~^ minje^, 1} is a super-solution 
to (5.8) on t G [0, 1]. For x G (—00, 0], we can see /j, * v — v + f(v) < || 

from (ju *«)(*, x) < 2e-^*- 1 )(f 2/6ffi e- ft/ d^y))e^, /(«) < 7« and § (i,x) = 
2_ft'e x ('~ 1 )e^ E . For a; G [0, +00), we can also see it from (/j,*v)(t, x) < 2e K ^ t ~ 1 \ 
f(v(t,x)) = —v(t,x) and ^(t,x) = 2Ke K ^ t ~ 1 \ Hence, by Proposition 18, we 
obtain Q l [<p}(x) < v(l,x) < 2e^ x , as we put <f>(x) := min{2e ?:r ~ i ^, 1} G M. 
So, because Q 1 [(j)}(x — y) < <p(x) holds, by Theorem 6, there exists ip G M. 
with tp(— 00) = and ^(+00) = 1 such that {^(x + yt)} igR is a solution to 

(5.8). Because it is also one to (4.1), by Theorem 15, we have c* < 4- < 0. 

■ 
Proof of Proposition 17. 

Suppose ip is a continuous function. We take a interval (a, 6) C (0, 1) 
such that 

inf /'(«)> 1. (5.9) 

uG{a,b) 

Let x G ^ _1 ((a, s ^)) and y G V' -1 (( 2 2^> b)). Then, because of x < y and 
(5.9), we have 

(H*ip)(x) -ip(x) +f(i/>(x)) 

<(fi*^)(y)-iP(x)+f^(x)) 

< (n*i>)(y)-i>(y) + f(i>(y))- 
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It is a contradiction, as ip x ((a, s ^)) and if> 1 ((^, b)) are open intervals. ■ 
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